In this paper, the holographic superconductor model with two s-wave orders from 4+1 dimensional Einstein-Gauss-Bonnet gravity is explored in the probe limit. At different values of the Gauss-Bonnet coefficient α, we study the influence of tuning the mass and charge parameters of the bulk scalar field on the free energy curve of condensed solution with signal s-wave order, and compare the difference of tuning the two different parameters while the changes of the critical temperature are the same. Based on the above results, it is indicated that the two free energy curves of different s-wave orders can have one or two intersection points, where two typical phase transition behaviors of the s+s coexistent phase, including the reentrant phase transition near the Chern-Simons limit α = 0.25, can be found. We also give an explanation to the nontrivial behavior of the T c − α curves near the Chern-Simons limit, which might be heuristic to understand the origin of the reentrant behavior near the Chern-Simons limit.
Introduction
The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [1, 2, 3] is believed to be a useful approach to study strongly coupled systems through weakly coupled gravitational duals [4, 5, 6, 7] . One of the most successful application of this duality is the so-called holographic superconductor, which was first realized in refs. [8, 9 ] to mimic an s-wave superconductor with a charged scalar field in bulk.
Recently, the technique of realizing various phase transition order parameters in holographic superconductor models have been applied to the study the competition and coexistence of multiple order parameters [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] . The authors of ref. [10] studied the competition effect of two scalar order parameters in the probe limit and get an interesting phase with coexistent orders. In ref. [11] , the authors extended the above study to cases including full back reaction of matter fields on the metric, and showed a rich phase structure. The authors of refs. [12, 13] studied the competition between an s-wave order and a p-wave order holographically in and away from probe limit, respectively. They found that in the case away from the probe limit, more interesting phase transitions such as the reentrant one can be found for the coexistent phase.
Some of the interesting phase transitions in the system with multiple orders are useful to study universal laws in the boundary field theory. In some of these studies that involving the non-equilibrium physics [35, 36, 37, 38] or inhomogeneous effects [39, 40] , we will encounter complex numerical work. If possible, it would be much simpler to do these studies in probe limit. Therefore it is valuable to find interesting phase transitions holographically in probe limit.
It is wise to try these studies in Gauss-Bonnet gravity, because some previous holographic studies in Gauss-Bonnet gravity show that the higher curvature terms have nontrivial contributions to some universal properties in Einstein gravity, such as the shear viscosity bound [41, 42, 43] and the frequency gap in optical conductivity for holographic superconductors [44, 45, 46, 47] . Interesting multiple reentrant phase transitions and "λ-line" phase transition have also been realized recently in more general Lovelock gravity [48, 49] . If the holographic models with multiple order parameters are studied in Einstein-Gauss-Bonnet gravity, it would be possible to find phase transition behaviors that are difficult to be realized in Einstein gravity in the probe limit.
In this paper, we study the competition of two s-wave orders holographically from Einstein-Gauss-Bonnet gravity in probe limit, and try to find interesting phase transition behaviors for the s+s coexistent phase. Previous studies indicate that coexistent phases can be easily found near the intersection point of the free energy curves of phases with single order [13] . Therefore, we study the free energy curves of the different s-wave solutions at first. With these information, it is more easy to search the s+s coexistent solutions. Our study will also check this relation between the free energy curves of phases with single order and the emergence of coexistent phase with multiple orders.
This article is arranged as follows. In section 2, the holographic model with two s-wave orders is set up on the EinsteinGauss-Bonnet black brane background and some details for calculation are introduced. In section 3, we study and compare the influences of the two model parameters m 1 and e 1 , which are the mass and charge of the scalar filed in bulk, on the free energy curves of the phase transitions triggered by single s-wave order at different values of the Gauss-Bonnet coefficient α. In section 4, we show the condensate and free energy of two typical phase transition behaviors of the s + s coexisting phase including the reentrant one near the Chern-Simons limit. In section 5, we explain the special behavior of T c − α curve near the ChernSimons limit which might be heuristic to understand the reentrant behavior. We conclude in section 6 with our main results and further discussions.
2. The holographic s+s model in Einstein-Gauss-Bonnet gravity
Gravitational background
We consider a holographic model with two s-wave orders from the Einstein-Gauss-Bonnet theory in (4+1) dimensional space time in the probe limit. The gravitational back ground can be taken as the 4+1 dimensional asymptotic AdS black brane solution [50] 
where
and the position of the horizon r h is defined by f (r h = 0). L is the AdS radius, α is the Gauss-Bonnet coefficient with dimension (length) 2 . In the asymptotic region(r → ∞), the function f (r) approaches
Therefore, the effective AdS radius can be defined by
Note that α ≤ L 2 /4 is known as the Chern-Simons limit. The Hawking temperature of the black brane is given by
which is also interpreted as the temperature of dual field theory.
Equations of motion
On the asymptotical AdS background, we need a Maxwell field and two charged complex scalars to study the competition and coexistence between two s-wave orders. The action of the matter fields is
where F µν = ∇ µ A ν − ∇ ν A µ is the field strength for the U(1) potential A µ . {e 1 , m 1 } and {e 2 , m 2 } are the charges and masses of the scalar fields ψ 1 and ψ 2 , respectively. The consistent ansatz for the matter fields can be taken as
where ψ 1 , ψ 2 , φ are all functions with respect to r only. In the rest of this paper, we set the AdS radius L = 1. Then the equations of motion of matter fields on the AdS black brane background are
Boundary conditions
In order to solve the above functions, we need to provide suitable boundary conditions both on the horizon (r = r h ) and on the AdS boundary (r → ∞).
The functions ψ 1 , ψ 2 and φ can be expanded near the horizon as
where only {ψ 1h0 , ψ 2h0 , φ h1 } are independent. The expansions near the AdS boundary are
Following the AdS/CFT dictionary, µ and ρ are chemical potential and charge density of the boundary field theory respectively. In this paper, we take ψ i− as the sources and ψ i+ as the vacuum expectation values of the boundary scalar operators O i . In order to make the U(1) symmetry to be broken spontaneously, we impose ψ 1− = ψ 2− = 0 to the solutions labeled by the three independent parameters {ψ 1h0 , ψ 2h0 , φ h1 }.
Scaling symmetry
From the equations (8)(9)(10), the following scaling symmetries can be found
Taking advantage of the first scaling symmetry, we can set r h = 1 for performing numerics. After solving the coupled differential equations and having the numerical solutions, we can use this scaling symmetry again to recover r h to any value. We use the second scaling symmetry to obtain arbitrary values of electric charge for one of the scalar fields . With these two scaling symmetries, the numerical work can be greatly simplified.
Free energy
In order to determine which one is thermodynamically favored, we should calculate the free energy of different solutions. In this paper, we work in the grand canonical ensemble, where the chemical potential µ is fixed. According to the AdS/CFT dictionary, the Gibbs free energy Ω of the boundary thermal state is identified with temperature times the Euclidean on-shell action of the bulk solution. In our case, because we work in the probe limit, contributions from the gravity action are equal for different solutions. Therefore, the differences of the Gibbs free energy between the different solutions at a given temperature only come from the the contribution of matter fields
where S ME is the Euclidean on-shell action of matter fields on the black brane background. Because we work in the grand canonical ensemble and choose the scalar operator with dimension + , there is no additional surface term. Thus Ω m can be calculated by the following expression
where µ, ρ are read from the boundary behavior of the function φ(r) in (16) , and V 3 = dxdydz. In Einstein-Gauss-Bonnet gravity, the effective AdS radius is modified to be L eff . As a result, the volume of the boundary 3−dimensional space no longer equals V 3 . We can see from the metric (1) that near the boundary, the metric approaches the following type
where the t coordinate is in accordance with the calculation for the temperature (5). Therefore, the boundary spacial coordinates also need to be rescaled as x = (L/L eff )x to keep the Lorentz symmetry of the boundary field theory. The boundary volume should be rescaled to be
However, we still draw the numerical value of 16ΠGΩ m /(V 3 µ 4 ) to analyze the stability of different solutions, because we always compare solutions with the same value of α and L eff .
The various solutions
In this holographic model, there exist solutions dual to the normal phase as well as the condensed phases. The solution dual to the normal phase takes the analytical form
Because there are two s-wave orders in this model, we can obtain three different solutions dual to condensed phases:
It has been indicated in Refs. [51, 52] that for holographic superconductor models, there exist a discrete family of normalizable solutions that can be labeled by the number of nodes for the condensed fields as functions of r. In the three different solutions studied in this work, we only consider the solutions with zero nodes, because other solutions with more nodes are unstable.
In this paper, we aim to find new phase transition behavior of the condensed phase dual to Solution S 1 + S 2 . According to previous studies [12, 53] , Solution S 1 + S 2 always exist when the free energy curves of Solution S 1 and Solution S 2 have at least one intersection point. Therefore, we need to compare the free energy curves of Solution 
The free energy curve of Solution S 1
The s-wave phase dual to Solution S 1 from Einstein-Gauss Bonnet gravity has already been studied in Refs. [44, 45, 54, 55, 56] . But the free energy curves in probe limit have not been analyzed systematically. The previous studies also omit the influence of e 1 on the condensed behavior of Solution S 1 in probe limit. That is because Solution S 1 with different values of e 1 can be get from Solution S 1 with e 1 = 1, taking advantage of the scaling symmetry (19) . For a holographic system with only one s-wave order, the different values of electric charge will not change the qualitative behavior in probe limit. However, for a system with two s-wave orders, the scaling symmetry can only change the values of two electric charges {e 1 , e 2 } simultaneously, while preserving the ratio of the two. In order to reveal the competition and coexistence between the two s-wave orders, we have to systematically study the influence of both the two parameters {e 1 , m 1 } on the free energy curve of Solution S 1 .
The Gauss-Bonnet coefficient α can also change the free energy curve of Solution S 1 . However, when we compare Solution S 1 with Solution S 2 and consider the competition and coexistence between the two orders, the Gauss-Bonnet coefficient should take the same value, while the values of e i and m i could be different. Therefore, in the rest of this section, we fix α to five different values, i.e. α = {−0.1, 0.0001, 0.1, 0.2, 0.25}.At each value of α, we plot Ω m with respect to temperature for Solution S 1 with different values of {e 1 , m 1 }, and study the influence of the two parameters.
It should be noticed that in the probe limit, there is a famous constraint α ≤ 0.09 on the Gauss-Bonnet coefficient from the boundary causality [41, 42] . However, some previous studies already revealed some interesting behavior near the ChernSimons limit [44, 45, 54, 55, 56] , which is beyond this causality bound. To make more complete analysis for various values of the Gauss-Bonnet coefficient, and avoid missing interesting results that might be useful in future research, we will also study the cases with α beyond this causality bound. Moreover, it is also interesting to understand the phase structure of asymptotically AdS system from a pure gravity point of view.
We start from the case with α = 0.0001, and plot the free energy curves for Solution S 1 with various values of {e 1 , m 1 } in Figure 1 . In this figure, the solid black line corresponds to the normal phase, and the three colored solid lines correspond to Solution S 1 with fixed value of e 1 = 1 and m We can see that Solution S 1 with a larger value of e 1 get lower value of free energy and higher value of critical temperature, which indicates that a larger value of e 1 makes the condensate easier to occur.
From the above analysis, the two parameters e 1 and m have similar influence on the free energy curve of Solution S 1 .
It is obvious that if we only change one of the two parameters, the resulting free energy curves for Solution S 1 will not intersect with each other, and we can not get Solution S 1 + S 2 dual to the condensed phase with two orders. Therefore, in order to find Solution S 1 + S 2 , we need to make the free energy curves of Solution S 1 and Solution S 2 intersect with each other, and the values of the two parameters e 2 , m 2 must both differer to the values of e 1 , m 1 . The value of e 1 for the two dashed lines in Figure 1 are cho- Figure 1 We also apply the above analysis to the cases with other values of α. In figure 2 , we plot the results of α = −0.1, 0.1, 0.2, 0.25 respectively. In each of the four plots, we use the same notations as in Figure 1 for the solid lines. The two dashed lines are obtained from the solid green line by changing e 1 to appropriate values, such that the dashed lines have the same critical temperature with the solid red and solid blue lines respectively. The detailed values of e 1 for these dashed lines are listed in table 1.
We can see from figure 2 that, the three plots with α = −0.1, 0.1, 0.2 are similar to figure 1. In these plots, the differences between the dashed curves and their nearby solid curves are larger in lower temperature region. As a result, in these cases, we have only found the s+s phase transitions similar to that in the case with α = 0.0001. However, it is obvious that the last plot with α = 0.25 show some differences to the three previous plots. In this plot, each dashed line and its nearby solid line intersect not only at the phase transition critical point, but also at another point with lower temperature. Take the dashed purple line and the solid red line as an example, because the two lines have two intersection points, the free energy value of the dashed purple line is smaller than that of the solid red line in the higher temperature region between the two intersection points, and is larger in the lower temperature region on the left part. Similar behavior can be found for the dashed brown line and solid blue line, where the dashed one has a larger value of free energy at the higher temperature region, and has a smaller value of free energy at the lower temperature region. We can conclude these results as that when the changes of critical temperature are the same, the change of free energy caused by tuning e 1 is smaller than that caused by tuning m 2 1 L 2 eff in a higher temperature region, and is larger in a lower temperature region. This special property makes it possible to find interesting reentrant behavior for the s+s phase transitions. The dashed purple line and the solid red line in the last plot of figure 2 has two intersection points. If we further lower the value of e 1 for the dashed purple line, the dashed purple line will move upwards. As a result, the two intersection points will move towards each other, and join to be one point where the two lines are tangent. In this process, the solid red line is lower than the dashed purple both in the higher temperature region and in the lower temperature region. Therefore we can expect a reentrant behavior for the s+s phase transition. We will show details for this special behavior of s+s phase in the next section.
The s+s coexistent phases
In the above section, we studied the the free energy curves of the condensed phases with single s-wave order for various values of e i and m 2 i L 2 eff . These results provide necessary information for searching Solution S 1 + S 2 which is dual to the s+s coexistent phase. With the information of free energy curves for Solution S 1 and Solution S 2 , we can easily find Solution S 1 +S 2 near the intersection point of the two free energy curves. In this section, we show the condensate and free energy curves of the two typical phase transition behaviors of s+s coexistent phase for this holographic model.
Previous study on holographic systems with two s-wave orders in the probe limit show a typical phase transition behavior for the coexistent phase [10] . In our study from Einstein-GaussBonnet gravity in probe limit, this typical behavior of the s+s coexistent phase has also been found. We show the condensate (left plot) and free energy(right plot) curves for this case in figure 3, with {m In the left plot of figure 3 , we use solid blue line to denote the condensate value of the scalar operator dual to ψ 1 , and use the solid red line to denote the condensate value of that dual to ψ 2 . The dashed blue and red lines denote the condensate values of the scalar operators dual to ψ 1 and ψ 2 for unstable sections of Solution S 1 and Solution S 2 respectively. In the The condensate (left plot) and free energy (right plot) curves with {m 2 1 L 2 eff = −1, e 1 = 1}, {m 2 2 L 2 eff = −3, e 2 = 0.68} and α = 0.0001. In the left plot, we use solid blue line to denote the condensate value of the scalar operator dual to ψ 1 , and use the solid red line to denote the condensate value of that dual to ψ 2 . Dashed lines denote the condensate value related to ψ 1 (blue) and ψ 2 (red) in the unstable sections. In the right plot, the solid blue line corresponds to the free energy curve for Solution S 1 , the solid red line corresponds to the free energy curve for Solution S 2 , and the solid black line is for the normal phase. We insert an enlarged figure to show details near the intersection point of the blue and red lines, where the solid green line denotes the free energy of Solution S 1 + S 2 .
right plot, the solid blue line corresponds to the free energy curve for Solution S 1 , the solid red line corresponds to the free energy curve for Solution S 2 , and the solid black line is for the normal phase. We insert an enlarged figure to show details near the intersection point of the blue and red lines, where the solid green line denotes the free energy of Solution S 1 + S 2 .
From these two plots we can see that Solution S 1 is more stable in the right region with higher temperature, while Solution S 2 is more stable in the left region with lower temperature. Solution S 1 + S 2 exist in a narrow region near the intersection point of the two free energy curves for Solution S 1 and Solution S 2 , and is the most stable one in this region. Because the condensate curves of the two scalar orders form a shape of letter "x", we call this typical phase transition behavior in systems with multiple order parameters as the "x-type". In all the values of Gauss-Bonnet coefficient we have studied, we can easily find the "x-type" phase transition with suitable values of the parameters {m
Another kind of phase transition behavior involve with the s+s phase is called the "n-type", because one of the condensate curve form a shape of letter "n". We draw the condensate (left plot) and free energy (right plot) curves for the "n-type" phase transition in figure 4 , where we use the same notations as in figure 3 . In the right plot, we show the difference of Ω m with respect to that of Solution S 1 (Ω m1 ), because the absolute values of Ω m for different solutions are too close to each other.
From figure 4 we can see that in this case, Solution S 1 is more stable than Solution S 2 both in the left and right region. Only in the central region, Solution S 2 has lower free energy than Solution S 1 . However, Solution S 1 + S 2 exist near this central region, and get the lowest free energy. Therefore Solution S 2 would be always unstable. If we lower the temperature from the right section of Solution S 1 , the system will goes into Solution S 1 + S 2 at first, and later goes back to Solution S 1 at a lower temperature. Therefore, this "n-type" phase transition is also known as "reentrance" in condensed matter physics and has also been found in the holographic s+p system with considering the back reaction on metric [13] .
Previous studies on holographic systems with multiple or- 1 L 2 eff = 3(purple), 2(black), 1(brown), 0(pink), −1(red), −2(green), −3(blue) respectively. The second and third plots show the tip region near Chern-Simons limit for the red and brown curves in the first plot.
ders in the probe limit only get the "x-type" phase transition. Our study show that other interesting phase transition behaviors such as the "n-type" one is also possible to be realized from holographic models even in probe limit. We have further confirmed that the conformal dimensions for the two s-wave orders can both be taken to be integers in the "n-type" case. These results would be useful in further studies involving nonequilibrium evolution or non homogeneous effects in strongly coupled systems with multiple orders.
5. Special behavior near the Chern-Simons limit α = 0.25
It is very strange that the case of α = 0.25 is quite different to the cases with other values of α. We have examined that in a near region below α = 0.25, we can also found the reentrant behavior for the s+s phase. To better understand this special behavior near the Chern-Simons limit, we recall that in Refs. [44, 45] , the condensate behavior with α = 0.25 already show some difference. Further studies in Gauss-Bonnet gravity away from probe limit [54, 55, 56] reveal that the critical temperature of the condensed phase has a nontrivial dependence on the Gauss-Bonnet coefficient near the Chern-Simons limit. This special behavior of T c − α curve might have some relation to the reentrant behavior of the s+s phase and an explanation of either of the two special behaviors would be heuristic to the understanding of the other one. Therefore we draw the curves of critical temperature T c1 of Solution S 1 as a function of GaussBonnet coefficient with e 1 = 1 and various values of m figure 5 .
In figure 5 , the first plot show how the critical temperatures change when Gauss-Bonnet coefficient α gets different value. We can see from this plot that the critical temperatures generally decrease while Gauss-Bonnet coefficient α is increasing. But when the Gauss-Bonnet coefficient get close to the Chern-Simons limit α = 0.25, the critical temperatures get a sudden change for most of the seven curves except the pink one with m 2 1 L 2 eff = 0, which is most obvious for the solid blue line. These sudden changes show that the phase transitions near the Chern-Simons limit are affected by some nontrivial effects, which might also lead to the special behavior of free energy curves at α = 0.25 as well as the reentrant s+s phase transition.
In the second and third plots of figure 5 , we show the enlarged version for the red and brown curves near α = 0.25. We can see from these two plots that the curves with positive and negative values of m 2 1 L 2 eff get opposite effects for the sudden change. We also examined the details for all the other five curves and find that the curves with larger absolute value of m In the studies of holographic superconductors from EinsteinGauss-Bonnet gravity, we prefer to fix the value of m and study the dependence of critical temperature on GaussBonnet coefficient, the value of m 2 1 changes with α. From the bulk point of view, the instability that lead to the condensate of scalar field is closely related to dynamics of the scalar field near the horizon, which is determined by both the near horizon geometry and the scalar mass m Although with this special behavior of T c1 − α curve, we can not deduce the special behavior of free energy curves away from the critical point and the reentrant phase transition near Chern-Simons limit, our analysis would still be heuristic to the problem. The T c1 − α curves only show the influence near the critical region, one might include the analysis to the very low temperature region to get more clues. 
Conclusions and discussions
In this paper, the holographic superconductor model with two s-wave orders from Einstein-Gauss-Bonnet gravity is studied in the probe limit. The influence of the parameters {e 1 , m 2 1 L 2 eff } on the free energy curve of Solution S 1 , which is dual to the condensed phase with only one order, is studied systematically. It is found that by tuning either of the two parameters, the free energy curve along with the critical temperature can be changed. If we want to increase the critical temperature of the condensed phase, we can either increase the value of e 1 or decrease the value of m 2 1 L 2 eff . In both cases, the condensed solution with increased value of critical temperature will possess lowered value of free energy. However, if only one of the two parameters is changed, the free energy curves of the resulting different solutions will not intersect with each other.
We also compared the different influence of tuning the two different parameters. We fixed the change of critical temperature caused by tuning the two different parameters and compare their influence on the free energy curve. We found that when the Gauss-Bonnet coefficient is far away from the Chern-Simons limit, the influence of tuning the parameter m on the free energy is larger in a higher temperature region and is smaller in the lower temperature region. As a result, the two free energy curves from tuning the different parameter could have two intersection points, and a reentrant "n-type" phase transition can be found with appropriate values of the parameters {e 1 , e 2 , m With the above analysis on the free energy curves of the condensed solutions with single s-wave order, we find two typical phase transition behaviors of the s+s coexistent phase, and draw their condensate and free energy curves. According to the special shape of the condensate curves, we call the two kinds of phase transitions the "x-type" and "n-type" respectively. Our study show that we can find not only the typical "x-type" phase transitions, but also the reentrant "n-type" phase transitions for the s+s phase from holographic models in the probe limit.
The speciality of this holographic model near Chern-Simons limit is not only exhibited in the free energy curves and reentrant phase transitions, but also indicated in the T c − α curves while m 2 i L 2 eff is fixed to various values. We explained that the special behavior of T c −α curves near the Chern-Simons limit is closely related to the sudden change of L eff when α approaches 0.25, which greatly changes the asymptotic behavior of the bulk spacetime. In order to keep the conformal dimension of the swave operator unchanged, the mass parameter m i need to be changed accordingly. This finally caused the sudden change in the critical temperature of the condensed solutions with nonzero m i .
There are many further problems need to be studied based on our work. One of these is to seek out the certain relation between intersection of the free energy curves and the existence of coexistent phase. Because we work in probe limit and the conformal dimension of the two s-wave orders can both be taken to be integers in the reentrant case, the numerical work will be greatly simplified in further studies involving time dependence or non homogenous effects based on our work. It would be interesting to realize time dependent solutions across the reentrant s+s phase, and study interesting questions in non-equilibrium systems. One can also build holographic Josephson junction that connect two s-wave part with the same order but exhibit s+s phase near the junction region with a new order.
